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Kac-van Moerbeke equations associated with
two-dimensional SU(n +1) periodic Toda lattices

R S Farwell and M Minamit
Blackett Laboratory, Imperial College, London SW7 2BZ, England

Received 22 July 1981

Abstract. Various results known for one-dimensional periodic Toda lattice equations are
generalised to two dimensions. In particular, a generalisation of the Kac-van Moerbeke
equations is derived from a set of first-order differential equations, of which the zero gauge
field strength is an integrability condition. The generalised equations are shown to be the
unification of two different periodic Toda lattice equations and they naturally produce the
Bicklund transformation. The two lattice equations are simultaneously derived from a pair
of 2(n +1) x2(n + 1) potentials satisfying the zero field strength condition.

1. Introduction

The Toda lattice equations governed by SU(» + 1) have much richer properties than
those governed by other Lie groups. For example, if the n X n Cartan matrix (K;;) in the
SU(n + 1) Toda lattice equation is generalised so that the non-zero entries are

K;=2 Kin1=Ki1=-1

where the indices are now defined modulo n, then the SU(n) periodic Toda lattice
equation is obtained.

Furthermore, there is a set of first-order one-dimensional equationst considered by
Kac and van Moerbeke (1975) which connects two SU(n +1)-type Toda lattice
equations. In other words, the Kac-van Moerbeke equations (hereafter referred to as
the KvM equations) are simultaneously equivalent to two SU(n+1) Toda lattice
equations (Toda and Wadati 1975), one of which can be regarded as a Bicklund
transformation of the other (Wadati and Toda 1975).

In this paper, we show that a similar phenomenon occurs in two dimensions; that is,
we find a generalisation of the xvM equations and describe the circumstances under
which they reduce to a pair of two-dimensional Toda lattice equations. In the course of
this investigation we rederive the Bicklund transformations given by Fordy and
Gibbons (1980) and Leznov et al (1980).

Before entering into our main discussion we shall summarise some points of the
one-dimensional KvM theory to facilitate later comparison with our two-dimensional
case.

t Address after 1 September 1981: Research Institute for Mathematical Sciences, Kyoto University, Kyoto,
Japan.
i This set of equations has been considered in the different context of plasma physics by Zakharov et al
(1974).
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The one-dimensional KvM equation is of the form

3Si=e Smi—e S, (1.1
If two kinds, Qx and QF, of Toda’s displacement variable are introduced by

Sae= Q% — Q« Sake1= Qi1 — Q% (1.2)
so that

Sak+82us1= Qi1 — Qx Sazir1+ Sary = Qi1 — Qk (1.3)

then equation (1.1) may be decomposed as
8:Qr = exp(—Sz1-1) +exp(—Sax)
3:Q% = exp(—S2i) +exp(—Sak+1).

By differentiating (1.4) with respect to ¢ and using (1.3), Qy and Q% may be shown to
satisfy individually the following Toda lattice equations

37 Qk = exp[—(Qx — Qu—1)]—exp[~(Qx+1~ Qi)]

97Q% =exp[—(Q% — Q%-1)]—exp[—(QF.: — Q%))
By substituting (1.2) and (1.4), it is easy to see that (1.4) represents a Béicklund
transformation for the equations (1.5).

A further attraction of the theory is that the KvM equation (1.1) may be derived from
the Lax pair

(1.4)

(1.5)

a,L=[B, L] (1.6)
where the only non-zero entries in the matrices L and B are respectively
Livv=Livi=a Biii2=—Bii2i = ai8i+1

with a; =3 exp(— 1S,) (Kac and van Moerbeke 1975, Moser 1975). Moreover the two
Toda lattice equations (1.5) remarkably may be obtained from the even and odd
diagonal entries in the associated Lax pair (Moser 1975)

8.L*=[B, L?). 1.7

If we restrict the index k in (1.5) so that it is defined modulo (7 + 1), then Q. and QF
each satisfy a one dimensional SU(n + 1) periodic Toda lattice equation. Our aim in this
paper is to determine the two-dimensional generalisations of (1.4) when k is periodic
and hence generalise all the above aspects of the kvM theory.

The paper is arranged as follows. In § 2 the two-dimensional SU(n) periodic Toda
lattice equation is derived by extending the potentials B, and B; defined in our
previous paper, (Farwell and Minami 1982) which we shall refer to as I. The
terminology ‘main equation’ and ‘subsidiary equations’ of I wiil be used again here. In
§ 3, by using a special solution of the main equation, the set of subsidiary equations
turns out to be a set of KvM equations. As a consequence, two sets of variables, both of
which satisfy the two-dimensional SU(#n + 1) periodic Toda lattice equations, are found.
Section 4 includes a discussion of a Béicklund transformation, where the Lie-type
transformation is included automatically. In § 5 we propose a generalisation of the Lax
pair (1.7) by specifying a 2(n +1)x2(n + 1) representation of the potentials, which
simultaneously gives the two Toda lattice equations. However, a detailed proof of the
derivation is reserved for the appendix. The final section contains a summary of the



Generalised Kac-van Moerbeke equations 357

various aspects of the theory of two-dimensional periodic Toda lattices that we have
considered and also comments on this theory as a whole.

2. Preliminaries. Pair of potentials which give rise to periodic SU(n +1) Toda
lattices

In I it was the potentials B, and B; which gave rise to the non-periodic Toda lattice
equations via the zero field strength condition. By applying the method of Bogoyav-
lensky (1976), these potentials can easily be converted to those which in a similar way
give the periodic SU(n + 1) Toda lattice equations.

The set 7" of positive simple roots of SU(n + 1) is extended to include the negative
maximal root, —u. We denote the extended set by

7={r", —u}

With respect to the ordering of the roots described in appendix 1 in I, u corresponds to
the (n + 1)th element of 7 and so the Chevalley basis for a, is extended to include

H,.1=¢ey+1n+1—€11 E..i=—-e.11 E_(n+1y= —€in+1.
By analogy with (2.19) of I the extended potentials are given by
B.= 3 [veexp(a T Kusths) E-ot alou)E.]
aed Bed

(2.1)
Bi=-Y [fa exp(d B;_r KaB‘ZB)E-Hx +a~(aﬂ’1;a)Ha:]-

aedf

In (2.1), a and 4 are constant scaling factors, the implication of which will be discussed
in § 4; and K is the extended (N + 1) X (n + 1) Cartan matrixfor SU(n+1). Forn>1K
has non-zero entries as follows

K;=2 Ki1i=Kj1=-1 (2.2a)
where the index i is defined modulo (n+1); and forn =1
Ki1=K»=-Ki2=-K;;=2. (2.2b)

By substituting the potentials B, and B into the zero field strength condition, we
obtain, as before, a pair of subsidiary equations and a main equation. The former may
be solved for y, and y, and the solution substituted in the original form of B, and B to
give the analogue of (2.28) in I, namely

B,=Y [exp( -4 B;_r Kaekzxa)E—a + a(au!//a)Ha]
(2.3)
Bi=-Y [exp(—a > Kas¢B)E+a + d(aul/;a)Ha]-

oxeq Bew
Since the extended Cartan matrix is singular, it is convenient here to use the
alternative Toda lattice variables

Tq = — z Kanﬁ 0~'a = - Z KGBJB' (2.4)

Be# Be#
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Furthermore if we define
Do = Q0o + AT, (2.5)
then, after substituting for y, and y,, the main equation becomes
0,000 = — Z KaB €Xp P (2.6)
Bed

that is, the periodic Toda lattice equation.
As we remarked in the final section of I, we can consider the set of linear equations

dé = fw (2.7)

as an alternative to the zero field strength condition. In (2.7) 6 is a row of O-forms and w
is the matrix connection 1-form.

To rewrite (2.7) in terms of components, the potentials B, and B are used in the
following matrix form:

| ad; &l ‘dd, cf
6? ad, djz C;
B, - e Bo=- \ (2.8)
\ y
\ Er;+l ad, .| Cr+t ddm-h

where d,, Ji, ¢; and ¢; are given by
di1—d; = 38,0 div1—d; =086 (2.9)
cf =y e =y, e (2.10)

and the non-specified entries are all zero. In (2.9), (2.10) and hereinafter, all indices i
are defined modulo (n+1). Since

w=B,du+B;da

equations (2.7) become
3.0, = adib; + 16,01 (2.11a)
346, = —ddibi —ci16;-1. (2.11b)

After differentiating (2.11a) with respect to & and (2.115) with respect to 1 and then
equating coefficients of 6,_;, 6;.; and §; we obtain the following equations

duct =aci(di—d;) 9at =aci(di—d.-) (2.12)
and

Go.di+adad =ciéi, —chiEl. 2.13)
We subtract from (2.13) the similar equation with i > (i — 1) to obtain

49,(d;~di-) +adaldi—dio1) = {6ty —2¢i167 +ciadlln. (2.14)

Also the pair of equations (2.12) may be manipulated to give
duci = cidiv1—dy) 3l =E(di—di-0) (2.15)
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and then substitution of the expressions (2.9) into (2.15) enables us to solve for ¢; and &;.
Specifically
Ci=E&; e’ Ei = €~i e, (216)

To conform with (2.3), we choose ¢; = £; = 1 for all i. By using these solutions and again
the expressions (2.9), (2.14) becomes the periodic Toda lattice equation (2.6). Soto use
our previous terminology, (2.12) are the subsidiary equations and (2.14) is the main
equation.

3. Derivation of a generalised kvM equation

In § 2 we have shown that it is possible to derive the periodic SU(n + 1) Toda lattice
equation by using the set of linear equations (2.7) or equivalently by using the
zero-curvature condition. In both cases, we solve the pair of subsidiary equations and
substitute the solution in the main equation to give the Toda lattice equation. In this
section we are interested in the outcome of, conversely, solving the main equation and
substituting the solution in the subsidiary equations. Do the resultant subsidiary
equations replace the Toda lattice equation?
It is easily checked that a special solution of the main equation (2.14) is given by

divi—d;i= 5—1(554-1 "5?)

(ii—r‘d.i:b-l(cf—l—cf) G-D
provided that the constants a, d, b and b satisfy

ad(bb)™' =1. (3.2)
Now substituting the solution (3.1) into the subsidiary equations (2.12) gives

duct =ab i (6h1 - ¢ (3.3a)

da6l=ab 'l (et —cir). (3.3b)

Differentiation of (3.3a) with respect to i and (3.35) with respect to u and use of (3.1)
and (3.2) produces the respective equations

dadu(ncf) =l (ctr—cf) =&l (ef —ciy) (3.4a)
dudaln E7) = ¢f (Eiar = D)~ c1 (67 = €10, (3.4b)
By adding (3.4a) and (3.4b), we obtain
3.9In(ciéN] =it =262t +¢81ct,
= -K; exp[ln(c}‘c'}i)]. (3.5)
It is a direct consequence of (3.5) that the variable
pi =In(ci¢?) (3.6)

satisfies the periodic Toda lattice equation.
However, a remarkable feature of the subsidiary equations (3.4) is seen by
considering, rather than (3.5), the combination

d.84[In(c?) +1n(0~:'5+1)] =Pt =282 ¢t +Elactn

=—K; exp[ln(c'fﬂc}")]. 3.7
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Hence the variable
pi =In(ciéty) (3.8)

also satisfies the periodic Toda lattice equation. So, by considering different combina-
tions of variables, equations (3.3) simultaneously produce two periodic Toda lattice
equations. This situation parallels the one-dimensional example described in § 1, in
which Toda and Wadati (1975) were able to produce from the KvM equations two
different variables satisfying the Toda lattice equation. Hence we consider the equa-
tions (3.3) as a generalisation to two dimensions of the KvM equations (1.1).

We note that if ¢; and ¢; are given by (2.16) then, using (3.2), the subsidiary
equations (3.3) become

duoi = b Ne¥i—e %) dab;=b" e —e"%) (3.9)
and the two Toda lattice variables p; and p} are

pi=aoc;+4ac;_q (3.10a)

p? = ao;+aé. (3.106)

To summarise, we have shown that by substituting a special solution of the main
equation into the subsidiary equations we obtain a generalisation of the kvM equations.
These are equivalent to two Toda lattice equations. It should be remarked that the
equations (3.9) and (3.3) respectively can be transcribed to those given by Fordy and
Gibbons (1980) and Leznov et al (1980) in a similar context. A trivial difference is that
they use one variable with odd and even suffixes where we use two variables, one with a
tilde and the other without, which naturally arise from our previous work.

4. Bicklund transformations of SU(n +1) periodic Toda lattices

To understand the constants (a, 4, b and §) and the two Toda lattice variables (p; and
p?) of § 3, we shall initially restrict our analysis to the periodic SU(2) Toda lattice, that
is, when n = 1.
In this case all indices will be defined modulo 2 and the extended Cartan matrix is

given by (2.25). For this specific example, from (2.4),

o1=2(g2— ) o2=2(¢1 — ¥r2)

0~'1=2(!/;2—l/;1) 5’2=2(¢71“"‘/;2)
so that

O —O"N =g 0"2"-_(;155'. (41)
By using the identities (4.1) in the equations (3.9) for SU(2) gives

9,0 =2b""sinh d& 3z6 = —2b7 ' sinh ao. (4.2)

Moreover, the two Toda lattice variables are from (3.10)

p1=—p2=—aoc +dé pY = ~p5 = —(ac +dd). 4.3)
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As we have demonstrated in § 3, both of these variables satisfy the SU(2) Toda lattice
equation, which may be written as

0,0zp =—2sinh 2p

the sinh—Gordon equation.
From (4.3), we can show that

ac = —%(p;+p}) 4 =3p1—p?)

and hence after substituting these expressions in (4.2), we obtain

3.(p1+pT)=—2ysinh 3(p; —pT) (4.4a)

¥alp1—pT) =2y 'sinh3(p; +p7). (4.4b)
In (4.4) we have written

y=ab'=d"b (4.5)

where the equality in (4.5) is derived from the condition (3.2). The pair of coupled
first-order differential equations (4.4) is the well known Bécklund transformation of the
sinh—Gordon equation. Hence, at least for the n = 1 case, the two Toda lattice variables
are related by a Bécklund transformation. Furthermore, the identities (4.5) suggest
that the scaling constants in the combinations ab~ ' and 4~ 'b are related to the Lie
transformation.

We now consider the subsidiary equations (3.9) for arbitrary n: it is more convenient
to use Toda’s original displacement variables, g; and g7, to rewrite p; and p} respec-
tively by the formulae

pPi=qi-1—4q; pi =(1?—1 ‘4?- (4.6)
By using the relations (3.10), this is equivalent to defining
0'i=a-1(q}3—-1_q0 5’;‘=d_1(‘1i"4?) 4.7)

which is a natural generalisation of the one-dimensional definitions (1.2).
By substituting (4.7) into (3.9), we directly obtain

3.(q7 —qir1) = —y[exp(qi— g7 ) —exp(qi+1 — g re1)] (4.8a)
3:(qi—q7)=v '[exp(q} —qi+1) —exp(gi1 —q)]. (4.8b)

This is the Béacklund transformation for the SU(n + 1) Toda lattice which was obtained
by Fordy and Gibbons (1980) and to which Leznov et al (1980) alluded.

We have thus shown that starting from the set of linear equations (2.7), we can
naturally obtain the Bécklund transformation for the two-dimensional periodic Toda
lattice from the generalised kvM equations (3.9). This exactly mirrors the one-
dimensional case described by Toda and Wadati (1975).

S. Simultaneous derivation of the two Toda lattices

The attraction of the KvM equations is that they are simuitaneously equivalent to two
Toda lattice equations. Furthermore, in the one-dimensional case, it is possible to
obtain these two equations from one Lax pair, given by (1.7). Therefore it is interesting
to see whether there is a similar occurrence in two dimensions, when the Lax pair is
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generalised to the zero field strength condition. So in this section we look for a pair of
potentials, D, and D ; which simultaneously generate the two Toda lattice equations,
via the condition

BaDu—BuD,,-, +[D,;, Du]=0. (5.1)

For neatness of notation, we shall use a =d = 1, b = b = 1 throughout this section.
We propose that the potentials are 2(n + 1) X 2(n + 1) matrices given by

2(n+1)
D,= ¥ {d[k/2+1]ekk + €tk +1)/2) €kk-2}
k=1
(5.2)

2n+1y
Di=— Y {duk+1y21 €k + Creja+1] €2}
1

where the index k is defined modulo 2(n+ 1) and the square brackets denote the
integral part of the enclosed index.
In a similar way to (2.9), we introduce the variables o; and &; by

diks2+21 — Aiksa+11 = 0.0 [k/2+1]
. . . (5.3)
die+1/23 ~ Ark-1y/21 = 820 [k -1)/2)

The potentials (5.2) are substituted into the condition (5.1) and the resultant equations
manipulated as in § 2. The details are given in the appendix and so we only quote the
results here. The subsidiary equations are solved to give

Clk+13/21 = €XP Fl(k-1)/2] Clk/2+1] = €XP T[k/2+1) (5.4)
and then the main equation has the form
8,00 k2411 + Tre+13/21)

= exp(Fk-1)/21 + O1k/21) — 2 €XP(G i+ 1721 + T lis2+1))
+exp(Gr+3)/21 + Tris2+21) (5.5)
If in (5.5) we specify k to be odd, that is k =2i — 1, then the main equation becomes

3u0al0i + ;) = exp(oi-1 +Gi-1) — 2 exp(o: + &) +exp(oir1 + Giv1).  (5.6)
However when k is even, that is k = 2/, then (5.5) becomes
8u8a(0iv1+ ;) =exp(Fi-1+0;) — 2 exp(J; + 0i+1) +€Xp(Fis1 + Tis2). (5.7)

We note that for both k odd and & even. the subsidiary equations (A3), are the same and
in fact are (2.12). The equations (5.6) and (5.7) are the required pair of Toda lattice
equations, (3.7) and (3.5) respectively, with ¢; and ¢é; given by (2.16). Hence, the
condition (5.1) and D, and D ; given by (5.2) simultaneously give the two Toda lattices.
Now to determine a relationship between the paie of potentials (5.2) and the original
potentials B, and B, given by (2.8), we shall transform D, and D ; according to

D, =EDE"" t=ED.E". (5.8)

E isthe 2(n + 1) X 2(n + 1) matrix with non-zero entries e and periodic indices. The
effect of the transformation (5.8) is to shift periodically the entries of the matrix one
place to the left along a diagonal. This is easily seen if we write D, and D ; explicitly in
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matrix form as

dl (:"1 0 d1 0 (5]
0 dz 51 1 0 Ca
62 0 d2 dz 0 Ca
Du= C~2 0 d3 Da= dz 0 C3 . (59)
é’n 0 n Cn 0
& 0 dy 0 o dn
Then
d> &G oo d, 0
d, é d,

C2
0 0 c
& 0 ds \
D, = ¢ 0 d; Di=- ¢, |.(5.10)
J,, 0 ¢,
¢, 0 d, 1 d,
& 0 d 0 o d

Since the primed potentials (5.8) also satisfy the condition (5.1), we consider the

difference

aﬁ(Du_D:t)—au(Dﬁ—D:i)=[Dlei]_[D:uD:7]° (5-11)

The details of the calculation are given in the appendix, but we note that

(n+1)
(Du—Dy)= ‘Zl [(di = di+1)ezi-12i-1 + (6 = Eir1)€202i-2]

(" N (5.12)
(D;—D3)= ;1 [(Ji+l - Ji)ezizi +(Civ1—Ci)e2i-12i+1)-

Explicit calculation of (5.11) gives the two pairs of equations (A6) and (A7) from even
and odd matrix entries respectively. However, if in (A6) and (A7) we make use of the
solutions (3.1) which previously converted the subsidiary equations into the generalised
KvM equations, then we obtain just one pair of equations (A8). From the equations
(AB) we can infer that

0uCi = Ci(5i+1 "'Ei) 06 = Ei(ci - Ci—l) (5-13)

which are the generalised KvM equations.

6. Concluding remarks

We now summarise the contents of this paper. Firstly, we have shown how the
generalised KvM equations in two dimensions may be derived by using a pair of
potentials subjected to the condition (2.7). Animportant ingredient of this derivation is
the special solution (3.1) of the main equation, since it converts the subsidiary equations
into the kvM equations. In addition we have shown how to obtain from the kvM
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equations two different variables, both of which satisfy the SU(n + 1) periodic Toda
lattice equations. In contrast to the one-dimensional case, we did not need to use even
and odd suffixes of one variable, as two different variables naturally arise from the
potentials B, and B.

Secondly, by using an arrangement of variables similar to that of the one-dimen-
sional case, we have rederived the Bicklund transformations of Fordy and Gibbons
(1980) and Leznov et al (1980) for the SU(n + 1) periodic Toda lattice equations. As
expected, when n = 1, these became the Backlund transformations for the sinh~Gordon
equation. In addxtlon, the constant scaling factors, which we included in our original
definition (2.8) of the potentials, are shown to be related to the Lie transformations.
Furthermore, we expect that these factors are connected to the conservation laws of the
periodic system.

Finally, we have defined a pair of larger matrix potentials, D, and D ;, which, via the
zero field strength condition, simultaneously produce the two different Toda lattice
equations described above.

However, we should remark that we have not included any attempt to parametrise
the solutions of the periodic equations. In contrast to the one-dimensional case, it is not
easy to obtain even a one-soliton solution by using the Bécklund transformations
applied to the trivial solution. This is partly because, in the one-dimensional case, by
putting, for example

Q2% = constant,

we can solve the first equation of (1.4) to obtain Q. In the two-dimensional case, from
(4.7) and (2.16),
Inci=qt1~q; Inéf=qi-1—qi

and so the analogues of (1.4) are the subsidiary equations (4.8). Consequently, since
(4.8a) contains a derivative with respect to a different variable from (4.8b), we cannot
separate the ¢; and ¢} and insert a trivial solution. Also the method of solution usedin I
is not directly applicable since the potentials (2.3) are not triangular. However, it may
be possible to replace B, and B ; in (2.3) by infinite periodic lower and upper triangular
matrices respectively and then apply the method.

It is true that the SU(n + 1) periodic Toda lattice equation is a generalisation of the
SU(2) equation, and hence of the sinh—-Gordon equation. It is therefore interesting to
enquire whether the SU(n + 1) periodic equations share the same properties as those
possessed by the sinh-Gordon equation; for example, the geometrical properties
discussed by Crampin et al (1977). However, we feel that the SU(2) case is not typical,
since it is endowed with particular symmetries between the variables, as shown in § 4.
Consequently an analysis of the Bécklund transformation using the Iwasawa decom-
position may not be appropriate for arbitrary n.

In conclusion, we mention that we have not discussed in depth the shifting matrix E
of (5.8). Inthe construction of the potentials B, and B ; for the periodic SU(# + 1) Toda
lattice, it is the simple roots plus the negative of the maximal root, that is, the set 7,
which play an important part. Now the matrices E, E>, ..., E", E**' =T are generat-
ing elements of a cyclic subgroup of the Weyl group for SU(n + 1) since they cychcally
permute the diagonal elements. (We could equivalently consider the matrix E = E!

+In this paper, a relationship between the sinh~Gordon Bécklund transformation and the Iwasawa
decomposition for SL(2, R) is exhibited.
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which shifts the matrix entries one place to the right along a diagonal.) Therefore, it is
an interesting problem to investigate the role of E, or equivalently E, in the theory of
periodic Toda lattice equations and the kvM equations.
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Appendix.
Derivation of equation (5.5)
D, and D are given by (5.2). Then, by using
Lei, exi]= Sieu — uex; (A1)
the commutator in the condition (5.1) is
(D, D] = ruc+3y/21€10/2+11(€kk — €ic+2k+2)
— di/2411C1k/2+11€kk+2 + Alk/2+21Ck/2+ 118Kk +2

— e+ 1y /238 1k —1)/21€kk -2 F+ €1tk +1)/21A [k +1)/21€kk ~2- (A2)

Hence from (5.1), by comparing coefficients of (A2) and the appropriate derivatives of
(5.2) we directly obtain the subsidiary equations

dalk+1)/21 = Crae+1/20( ke +1)/21 = Ak -1y/211 1)

(A3)
8uCrrs2+11 = Cris2+11{dk/2+21 — Brs2+13d1 1)
and the main equation
aﬁ(d[k/2+2] - d[k/2+l]) + au (d.'[(k +3)/21 J[(k+1)/2])
= —2¢k/2+11€ 1k +3)/2) T Clis21€ 1ke+1)/21 F Clis2+21 [ +5)/21- (Ad)

It is now easy to see that substituting (5.3) into (A3) and solving for &k +1y,27 and Crxy2+1;
gives (5.4). Then substitution of (5.4) and (5.3) into (A4) gives (5.5).

The matrix equation (5.11)

The primed potentials (5.10) may be written formally as

, 2(n+1)
D,= Zl {diw+1y/2+11€kk + Errs2+17€kK -2}

2An+)
Di=- Y {du+new + C{(k+3)/21€kk+2}
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and so
(D%, D:]= Clijz+21C 1k +3)21 (€kk — €k+2k+2)
+ e +2(d e +3)/2+11C [k +3)/2] — Atk +1)/2+11C[(k+3)/21)
+ e (242162421 = Apis2e 1161242 (AS)

By using the commutators (A2) and (A5) and the expressions (5.12) in the condition
(5.11) we obtain:
(i) when k=2

8u(di —div1) = ¢i(Gir1— &) = cia1(Eiva—Cinr) (A6a)

3al€i = Ee1) = E(di —di) = Gior(dinr — di) (A6b)
(i) when k=2i—1

da(di —dir1) = Ei(ci ~ Ci-1) = Eirr(Ciar— 1) (A7a)

du(¢i—Civt) = Ci(div1— di) ~ civ1(diva — dis1). (A7b)

Note that for k = 2/ the coefficient of exx.» on the right-hand side of (5.11) is zero and
similarly for the coefficient of e,.,, when k& =2i—1, which is consistent with the
left-hand side.

Now we use the expressions (3.1) for the d and d differences in the left-hand sides of
(A6a) and (A7a) and in the right-hand sides of (A65) and (A75) to give the repeated
set of equations

dulci = Civ1) = ci(Giv1— ) — Ciu1(Civa — Cis1)
S . (A8)
9aC; — €iv1) = Cilci = €i1) = Cia1(Civr — €1).
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